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We investigate the effects of atomic collisions as well as optomechanical mirror-field coupling
on the optical bistability in a hybrid system consisting of a Bose-Einstein condensate inside a
driven optical cavity with a moving end mirror. It is shown that the bistability of the system can
be controlled by the s-wave scattering frequency which can provide the possibility of realizing a
controllable optical switch. On the other hand, by studying the effect of the Bogoliubov mode, as a
secondary mechanical mode relative to the mirror vibrations, on the cooling process as well as the
bipartite mirror-field and atom-field entanglements we find an interpretation for the cooling of the
Bogoliubov mode. The advantage of this hybrid system in comparison to the bare optomecanical
cavity with a two-mode moving mirror is the controllability of the frequency of the secondary mode
through the s-wave scattering interaction.
PACS numbers: 67.85.Hj, 03.75.Gg, 42.65.Pc, 42.50.Wk, 37.10.Jk
I. INTRODUCTION
In recent years, optomechanical cooling of a mechanical
resonator close to its quantum mechanical ground state
has been an interesting topic for a wide range of fields
of physics such as ultrahigh precision measurements [1]
and the detection of gravitational waves [2]. It has also
provided a good approach for fundamental studies of the
transition between the quantum and the classical world
[3]. This phenomenon can be realized in the optome-
chanical systems consisting of an optical cavity with a
movable end mirror or with a membrane in the middle
[4–7].
On the other hand an effective optomechanical cou-
pling can be simulated by a Bose-Einstein condensate
(BEC) trapped inside a high finesse optical cavity [8–
10]. In the dispersive regime where the laser pump is
far detuned from the atomic resonance the excited elec-
tronic state of the atoms can be adiabatically eliminated
and consequently the only degrees of freedom of atoms
will be their mechanical motions [11, 12]. For low photon
numbers or in the weakly interacting regime the dynam-
ics can be restricted to the first motional mode which
plays the role of the mechanical oscillator[13, 14].
In this paper we study a hybrid optomechanical system
consisting of a BEC trapped inside an optical cavity with
a moving end mirror which is driven through its fixed
mirror. It is shown that in the weak coupling regime and
under the Bogoliubov approximation the side mode of the
BEC is coupled to the optical field through a radiation
pressure term just like what occurs for the vibrational
mode of the mirror. Besides, we assume that the BEC
has been isolated from its environment so that its effec-
tive temperature is several orders of magnitude smaller
∗ adalafi@yahoo.co.uk
than the equilibrium temperature of the mirror. This sys-
tem is equivalent to a bare optomechanical system with
a moving end mirror whose two vibrational modes are
coupled with the radiation pressure of the cavity. It has
been shown [15] that in such a system the cooling of the
main mode depends on the frequency difference between
the two modes. When this difference is equal or larger
than the main mode frequency, the secondary mode does
not disturb the cooling of the main mode. In the hybrid
system considered here, the Bogoliubov mode of the BEC
plays the role of the secondary vibrational mode in the
bare optomechanical one.
One of the advantages of the hybrid system with re-
spect to the bare one is that the frequency of the sec-
ondary mode (Bogoliubov mode) depends on the s-wave
scattering frequency ωsw of the nonlinear atom-atom in-
teraction which is controllable through the transverse
trapping frequency ω⊥ [16]. In this way the frequency
difference ∆ω between the two modes can be controlled.
Furthermore, in the present setup we can introduce an
interpretation for the cooling process of the Bogoliubov
mode through its correspondence with the mirror vibra-
tional mode and the way it gets entangled with the opti-
cal field.
On the other hand the nonlinear coupling between
the two modes and the optical field (radiation pressure
coupling) results in the optical bistability of the system
where there are two stable mean-field solutions corre-
sponding to different photon numbers and oscillator dis-
placements [17]. For an optical cavity containing a BEC
with no moving mirror this phenomenon is observable
even below the single photon level [18, 19]. Here, we also
investigate both the effects of s-wave scattering interac-
tion and the mirror-field coupling on the optical bistabil-
ity of the system.
Recently the optical bistability behavior has been in-
vestigated for a system consisting of a BEC trapped in-
2side a Fabry-Perot cavity with fixed mirrors which is
pumped both along the cavity axis and from the trans-
verse side [20]. It has been shown that the optical
bistability can be controlled by this transverse pumping
field. For small values of transverse pumping, there ex-
ists a clear bistability for a particular range of the input
pump along the cavity axis while increasing the trans-
verse pumping field, the range of the bistability region
is reduced. Increasing the transverse pumping above a
critical value causes the bistable behavior to be disap-
peared. It has been shown that this phenomenon can be
exploited for realization an optical switch in which the
transverse pump is used as a control parameter to enable
or disable the switch.
In this work, we introduce another possibility of an
optical switch realization in an optomechanical cavity
with no necessity of using a transverse pumping field.
It is shown that the bistability of the system can be con-
trolled by the s-wave scattering frequency ωsw which it-
self is controllable by the transverse trapping frequency
ω⊥. Here, the optical bistability of the system does not
disappear but it is shifted toward the larger values of the
parallel pumping field.
The paper is structured as follows. In Sec. II we derive
the Hamiltonian of the system consisting of a BEC in-
side an optomechanical cavity with a moving end mirror
in the discrete mode approximation considering s-wave
scattering interaction. In Sec. III the quantum Langevin
equations (QLEs) are derived and linearized around the
semiclassical steady state. In Sec. IV we study the mean-
field solutions and investigate the effects of s-wave scat-
tering interaction and the the mirror-field coupling on the
optical bistability of the system. In Sec. V we examine
the effect of the Bogoliubov mode as the secondary mode
on the cooling and entanglement of the vibrational mode
of the mirror (main mode). Finally, our conclusions are
summarized in Sec. VI.
II. SYSTEM HAMILTONIAN
We consider a system consisting of a BEC of N two-
level atoms with massm0 and transition freqyency ωa in-
side an optomechanical cavity with length L whose end
mirror is free to oscillate at mechanical frequency ωm.
The cavity is driven at rate η =
√
2Pκ/~ωc through the
fixed mirror by a laser with frequency ωp, and wavenum-
ber k = ωp/c (P is the laser power and κ is the cavity de-
cay rate). We assume the BEC to be confined in a cylin-
drically symmetric trap with a transverse trapping fre-
quency ω⊥ and negligible longitudinal confinement along
the x direction (Fig.1). In this way we can describe the
dynamics within an effective one-dimensional model by
quantizing the atomic motional degree of freedom along
the x axis only.
In the dispersive regime where the laser pump is far de-
tuned from the atomic resonance (∆a = ωp −ωa exceeds
the atomic linewidth γ by orders of magnitude), the ex-
FIG. 1. (Color online) A BEC trapped in an optomechani-
cal cavity interacting dispersively with a single cavity mode.
The cavity which decays at rate κ is driven through the fixed
mirror by a laser with frequency ωp and the end mirror is free
to oscillate at mechanical frequency ωm.
cited electronic state of the atoms can be adiabatically
eliminated and spontaneous emission can be neglected
[11]. In the frame rotating at the pump frequency, the
many-body Hamiltonian reads
H =
∫ L/2
−L/2
dxΨ†(x)
[−~2
2m0
d2
dx2
+ ~U0 cos
2(kx)a†a
+
1
2
UsΨ
†(x)Ψ(x)
]
Ψ(x) + ~∆ca
†a+ i~η(a† − a)
+
1
2
~ωm(p
2 + q2)− ~ξa†aq, (1)
where a is the annihilation operator for a cavity photon,
∆c = ωc − ωp is the cavity-pump detuning, U0 = g20/∆a
is the optical lattice barrier height per photon which rep-
resents the atomic backaction on the field, g0 is the vac-
uum Rabi frequency, Us =
4pi~2as
m0
and as is the two-body
s-wave scattering length [11, 12]. The last two terms in
the Hamiltonian of Eq.(1) represent, respectively, the en-
ergy of the mechanical mode and the radiation pressure
coupling of rate ξ = (ωc/L)
√
~/mωm where m is the
effective mass of the moving mirror.
In the weakly interacting regime, only the first two
symmetric momentum side modes with momenta ±2~k
are excited by fluctuations resulting from the atom-light
interaction [14]. In this way because of the parity con-
servation and considering the Bogoliubov approximation,
the atomic field operator can be expanded as
Ψ(x) =
√
N
L
+
√
2
L
cos(2kx)c. (2)
In the case that the system does not have parity sym-
metry, for example, when the BEC is inside a ring cav-
ity, one should also consider sine modes which in our
model have been set aside [22, 23]. By substituting the
atomic field operator, Eq.(2), into the Hamiltonian of
Eq.(1) and introducing the Bogoliubov mode quadratures
3Q = (c+ c†)/
√
2 and P = (c− c†)/√2i one can arrive at
the following Hamiltonian:
H = ~δca
†a+ i~η(a† − a) + 1
2
~ωm(p
2 + q2)− ~ξa†aq
+
1
2
~Ωc(P
2 +Q2) + ~ζa†aQ+
1
2
~ωswQ
2, (3)
where δc = ∆c +
1
2NU0 is the effective Stark-shifted de-
tuning, Ωc = 4ωR +
1
2ωsw (ωR, the recoil frequency of
the condensate atoms) and ζ = 12
√
NU0 is the strength
of interaction between the BEC mode and the intracav-
ity field. The first two terms in the second line of Eq.(3)
denote the energy of the Bogoliubov mode and the ra-
diation pressure coupling of the Bogoliubov mode and
the optical field, respectively. The last term is the atom-
atom interaction energy where ωsw = 8pi~asN/m0Lw
2 is
the s-wave scattering frequency and w is the waist of the
optical potential.
III. DYANAMICS OF THE SYSTEM
The degrees of freedom of the system can be rep-
resented by the vector u = [X,Y, q, p,Q, P, ]T where
X = (a + a†)/
√
2 and Y = (a − a†)/√2i are the opti-
cal field quadratures. Under intense laser pumping these
operators can be linearized and expanded around their
respective classical mean values us,j as uj = us,j + δuj
where δuj are zero-mean fluctuation operators. The
mean values can be determined by solving the steady-
state Langevin equations, which will lead to the following
equations:
α =
η√
∆2 + κ2
, (4a)
Qs = − ζα
2
Ωc + ωsw +
γ2
c
Ωc
, (4b)
Ps =
γc
Ωc
Qs, (4c)
qs =
ξ
ωm
α2, ps = 0, (4d)
where we have assumed the optical field mean value, α,
to be a real number [24] and γc is the dissipation of the
collective density excitations of the BEC and ∆ = δc −
ξqs + ζQs is the effective detuning.
The dynamics of the quantum fluctuations can be de-
scribed by the linearized QLEs which can be written in
the compact matrix form,
δu˙(t) = Aδu(t) + n(t), (5)
where δu = [δX, δY, δq, δp, δQ, δP ]T is the vector of con-
tinuous variable fluctuation operators and
n(t) = [Xin(t), Yin(t), 0, fm(t), fQ(t), fP (t)]
T , (6)
is the corresponding vector of noises. The cavity-field
quantum vacuum fluctuation is accounted for by the
input-noise operators Xin = (ain + a
†
in)/
√
2 and Yin =
(ain−a†in)/
√
2i where ain(t) satisfies the Markovian cor-
relation functions, i.e., 〈ain(t)a†in(t′)〉 = (nph+1)δ(t−t′),
〈a†in(t′)ain(t)〉 = nphδ(t − t′) with the average thermal
photon number nph which is nearly zero at optical fre-
quencies [25]. Besides, the Brownian noise operator, i.e.,
fm, accounts for the mechanical noise that couples into
the mode of the mirror vibration from the thermal en-
vironment at temperature T . In the limit of a high me-
chanical quality factor it can be considered as a Marko-
vian noise. On the other hand, fQ(t) and fP (t) are the
thermal noise inputs for the side mode of BEC which
also satisfy the same Markovian correlation functions as
those of the optical noise. Here, we have assumed that
the BEC has been trapped and isolated from its environ-
ment so that its effective temperature Tc is several orders
of magnitude smaller than the equilibrium temperature
T of the mirror. The noise sources are assumed uncorre-
lated for the different modes of both the matter and light
fields. The 6× 6 matrix A is the drift matrix given by
A =


−κ ∆ 0 0 0 0
−∆ −κ √2ξα 0 −√2ζα 0
0 0 0 ωm 0 0√
2ξα 0 −ωm −γm 0 0
0 0 0 0 −γc Ωc
−√2ζα 0 0 0 −(Ωc + ωsw) −γc


.
(7)
The system is stable only if the real part of all the
eigenvalues of the matrix A are negative. These stability
conditions can be obtained by using the Routh-Hurwitz
criterion [32]. Due to the linearized dynamics of the fluc-
tuations and since all noises are Gaussian the steady state
is a zero-mean Gaussian state which is fully characterized
by the 6× 6 stationary correlation matrix (CM) V , with
components Vij = 〈δui(∞)δuj(∞) + δuj(∞)δui(∞)〉/2.
Using the Langevin equations, one can show that V ful-
fills the Lyapunov equation [15]
AV + V AT = −D, (8)
where
D = Diag[κ, κ, 0, γm(2n+ 1), γc, γc] (9)
is the diffusion matrix, with n = [exp(~ωm/kBT )− 1]−1
as the mean number of thermal excitations of the me-
chanical mode. Equation(8) is linear in V and can be
straightforwardly solved. However, the explicit form of
V is complicated and is not reported here.
IV. THE MEAN-FIELD SOLUTION AND
OPTICAL BISTABILITY
In this section we discuss our results based on the nu-
merical solutions of Eq.(4) for the mean fields and we will
show how the physical parameters of the system like the
4atom-atom interaction strength and the optomechanical
coupling (ξ) affect the optical bistability of the system.
We analyse our results based on the experimentally
feasible parameters given in Refs.[26–28], i.e., an optome-
chanical cavity of length L=1 mm with bare frequency ωc
corresponding to a wavelength of λ=1064 nm with finesse
F = 3× 104 and the damping rate κ = pic/LF . The end
mirror with mass m = 50 ng and quality factor Q = 105
oscillates with frequency ωm = 2pi× 107 Hz. The optical
mode is coherently driven at rate η =
√
2Pκ/~ωc and
the recoil frequency of atoms is ωR = 0.1ωm.
In Fig.2 we have plotted the mean number of photons,
α2, versus the normalized cavity-pump detuning δc/κ
for three different pump strengths P=10 mW (Fig.2a),
P=50 mW (Fig.2b) and P=250 mW (Fig.2c). In or-
der to see the effect of BEC on the optical bistability of
the system we have plotted the mean photon number of
the system both in the absence of the BEC (green thick
line) and in the presence of BEC with three different
atom-atom interaction values: ωsw = 0 (red thin line),
ωsw = 0.5ωm (blue dashed line) and ωsw = ωm (black
dashed-dotted line).
In Fig.2 (a) the power of laser pump is P=10 mW
which is far below the bistability threshold of the system.
So all four curves have been approximately overlapped.
As is seen, neither the absence of BEC nor the atom-
atom interaction strength in the presence of BEC affect
the mean number of photons considerably. This result is
similar to the one obtained in the Fig.2a of Ref.[29] where
a BEC has been considered inside a Fabry-Perot cavity
with fixed mirrors and very weak pumping strength. It
was shown that increasing the s-wave scattering interac-
tion shifts the resonance frequency of the cavity to the
lower values (Similar results have been obtained from nu-
merical solution of the Gross-Pitaevskii equation (GPE)
[30, 31]). Similarly here, the curves with non zero atom-
atom interaction (dashed line and dashed-dotted line)
have been shifted to the left in comparison to the red
line.
Increasing the pump strength causes the system to
approach the bistability region and makes the effect of
atom-atom interaction more observable. In Fig.2 (b)
where the power of the laser is P=50 mW the system
in the absence of BEC is still below the threshold (green
thick line) while the system containing a non interacting
BEC has just started to be bistable in a small region (red
thin line). In contrast, increasing the atom-atom interac-
tion has pushed the system to the stable region. In fact
the s-wave scattering interaction causes the bistability to
happen at stronger pump powers. Here, the non interact-
ing BEC (red thin line) is above the threshold while the
interacting ones (dashed and dashed-dotted lines) are be-
low the threshold. In Fig.2 (c) where the pump strength
has been increased to P=250 mW the curves are com-
pletely resolved from each other and their bistability re-
gions have become wider.
In order to examine the effect of s-wave scattering in-
teraction on optical bistability more clearly we have also
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FIG. 2. (Color online) Mean intracavity photon number
α2 versus the normalized cavity-pump detuning δc/κ in the
absence of BEC (green thick line) and in the presence of BEC
for three different values of atomic interaction with ωsw = 0
(red thin line), ωsw = 0.5ωm (blue dashed line) and ωsw = ωm
(black dashed-dotted line), calculated for three different pump
strengths: (a) P=10 mW, (b) P=50 mW, and (c) P=250
mW. (d) Mean photon number α2 versus pump strength at
δc = 4κ. The cavity has a length of L=1 mm, a wavelength
of λ=1064 nm with finesse F = 3×104 and the damping rate
κ = pic/LF . The end mirror of the cavity with mass m = 50
ng oscillates with the natural frequency ωm = 2pi × 10
7 Hz.
plotted the mean number of intracavity photons versus
the input laser power for a fixed value of δc = 4κ in
Fig.2 (d). As is seen, the threshold of the system in the
absence of BEC is slightly above 200 mW (green thick
line) while it is about 60 mW for the system contain-
ing a non interacting BEC (red thin line) and about 110
mW and 140 mW for the system containing interacting
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FIG. 3. (Color online) Mean photon number α2 versus the
pump strength at δc = 3κ for two different values of atom-
atom interaction strength: ωsw = ω/100 (red solid line) and
ωsw = ωm (blue dashed line).
BEC with ωsw = 0.5ωm (dashed line) and ωsw = ωm
(dashed-dotted line), respectively.
In short, the presence of a BEC inside an optomechan-
ical cavity causes the system to become bistable at lower
pump powers and also decreases the bistability region
width (in terms of the parallel pump intensity). On the
other hand, the atomic interaction acts so that to com-
pensate this effect, i.e., pushes the threshold point to the
upper values and increases the bistability region width.
These results which have been obtained based on a dis-
crete mode approximation (DMA) method, considering
the Bogoliubov approximation and atom-atom interac-
tion, are in good accordance with those obtained from
numerical solution of the GPE (Fig. 6 of Ref.[20]). Fur-
thermore in a very recent work [21], the effect of s-wave
scattering interaction on the optical bistability has been
studied and it has been shown that the results obtained
by considering the Bogoliubov approximation are satis-
factory.
In Ref.[20] the authors has shown the possibility of re-
alizing a controllable optical switch by adding a perpen-
dicular pump field to a Fabry-Perot cavity (with fixed
mirrors and containing a BEC) to control the bistabil-
ity of the cavity photon number. They have discussed
that the bistability of the cavity photon number with
the change of the parallel pumping field can be controlled
and suppressed by the perpendicular pumping field. In
this way an optical switch can be realized by using the
parallel pump field as the input and the perpendicular
pump field as the control.
Here we are going to introduce another possibility of
an optical switch realization in an optomechanical cavity
with no necessity of using a perpendicular pump field.
Based on the results obtained in Fig.2 (d) we can con-
trol the bistability of the system by the s-wave scattering
frequency (ωsw) which itself is controllable by the trans-
verse trapping frequency ω⊥ [16]. For clarity, we have
represented this phenomenon separately in Fig.3 where
the cavity mean photon number has been plotted ver-
sus the input laser power at δc = 3κ for two values of
ωsw = 0.01ωm (red line) and ωsw = ωm (blue dashed
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FIG. 4. (Color online) Mean photon number α2 versus the
pump strength at δc = 5κ, ζ = ξ0 and ωsw = 0.1ωm for three
different values of the optomechanical coupling: ξ = 0 (red
solid line), ξ = ξ0 (blue dashed line), and ξ = 2ξ0 (black
dashed-dotted line) where ξ0 = 330 Hz.
line). As is seen, if we restrict the pumping strength
in the range 45-80 mW the system will be bistable for
ωsw = ωm/100 while for ωsw = ωm the system is not
bistable (because the bistability region has been moved
to the stronger powers). In this way we can enable or
disable the optical switch using the transverse trapping
frequency ω⊥ .
In order to examine the effect of the optomechanical
coupling parameter on the bistability behavior of the sys-
tem we have plotted in Fig.4 the mean photon number
versus the input laser power for three different values of
the optomechanical parameter ξ for a system containing
an interacting BEC with ζ = ξ0 and ωsw = 0.1ωm where
ξ0=330 Hz and the values of other parameters are the
same as those in Fig.1. The red solid line belongs to a
system with no optomechanical coupling (i.e., m → ∞)
while the other two lines correspond to ξ = ξ0 (blue
dashed line) and ξ = 2ξ0 (black dashed-dotted line). As
is seen, increasing the optomechanical coupling causes
the system to become bistable at lower pumping powers
and also decreases the bistability region width which is
similar to the effect of the presence of a BEC in an op-
tomechanical cavity but it acts in the reverse direction of
the atom-atom interaction effect (see Fig.2 (d)).
V. COOLING AND ENTANGLEMENT
After calculating the mean-field values we can obtain
the elements of the drift matrixA and solve for the steady
sate solutions of Eq.(5). As explained before, by solving
the Lyapunov equation [Eq.(8)] we can obtain the cor-
relation matrix V which gives us the second-order corre-
lations of the fluctuations. In this way we can calculate
the effective incoherent number of mirror phonons,
δnm =
V33 + V44 − 1
2
, (10)
6and the effective incoherent number of atoms in the Bo-
goliubov mode,
δnc =
V55 + V66 − 1
2
. (11)
On the other hand the bipartite entanglement between
the atomic and photonic degrees of freedom can also be
calculated by using the logarithmic negativity [33]:
EN = max[0,−ln2η−], (12)
where η− ≡ 2−1/2
[
Σ(Vbp)−
√
Σ(V2bp) − 4detVbp
]1/2
is
the lowest symplectic eigenvalue of the partial transpose
of the 4× 4 CM, Vbp, associated with the selected bipar-
tition, obtained by neglecting the rows and columns of
the uninteresting mode,
Vbp =
( B C
CT B′
)
, (13)
and Σ(Vbp) = detB + detB′ − 2detC.
In Fig.5 we have plotted the effective incoherent num-
ber of mirror phonons as well as the effective incoherent
number of atoms in the Bogoliubov mode versus the nor-
malized detuning ∆/ωm for three different values of the
atom-atom interaction strength. Furthermore, the bipar-
tite mirror-field and atom-field entanglements have been
represented in Fig.6.
The results obtained here are comparable to those of
Ref.[15] where the authors have investigated the problem
of simultaneous cooling and entanglement of two mechan-
ical modes of a mirror in an optical cavity. They have
shown that cooling of the main mode depends on the fre-
quency difference between the two modes. When this dif-
ference is equal or larger than the main mode frequency,
the secondary mode does not disturb the cooling of the
main mode.
Here, we study a similar system with the difference
that we have considered the only vibrational mode of the
mirror with resonance frequency ωm as the main mode
and the Bogoliubov mode of the BEC with resonance
frequency ωB =
√
Ωc(Ωc + ωsw) as the secondary mode.
Because of the dependence of the Bogoliubov mode fre-
quency on ωsw, the present setup has the advantage that
the resonance frequency of the secondary mode is con-
trollable by the transverse frequency of the BEC trap.
Based on the dyanamical equation of the system, i.e.,
Eq.(5), the two so-called mechanical modes of the sys-
tem with damping rates γm = 2× 10−5κ and γc = 10−3κ
are driven by the radiation pressure force with the ef-
fective frequency ∆ and damping rate κ = 0.5ωm. It
is well-known that if the frequency difference of the two
mechanical modes ∆ω = ωB−ωm is larger than the band
width of the driven force κ, then the two modes can be
cooled down to their ground states at two distinct ranges
of effective detuning ωj − κ < ∆ < ωj + κ, where the
index j refers to m and B for the mechanical and Bo-
goliubov modes, respectively [15, 34–36]. On the other
hand, if ∆ω < κ, then both modes can be excited simul-
taneously by the radiation pressure at a fixed effective
detuning ∆. In this situation since the energy of the ra-
diation pressure force is shared between the two modes
simultaneously, the amount of energy exchanged between
each mechanical mode and the optical field is reduced in
comparison to the previous case. In this way the two
cooling processes interfere destructively and neither the
main nor the secondary mode is cooled effectively. If, in
opposite, ∆ω > κ the presence of BEC as the secondary
mode does not affect the cooling of the main mode.
The situation ∆ω > κ has been shown in Fig.5 (a)
where the frequency difference between two mechani-
cal modes has been fixed to the value 1.18ωm by fixing
ωsw = 2ωm. As is seen, when ∆ is near the mechanical
frequency ωm, the effective number of mirror phonons
in the presence of BEC (red line) goes to a minimum
and the mirror is cooled down to its ground state with-
out receiving any disturbance from the bogoliubov mode
(note the complete overlap with the green dashed line
which represents the effective incoherent mirror phonon
number in the absence of BEC). For ∆ ≈ ωB ≈ 2.2ωm,
the incoherent number of atoms in the Bogoliubiv mode
(blue line) is minimized which is somehow similar to a
cooling process for the Bogoliubov mode as a mechanical
oscillator.
On the other hand, the entanglement properties of
the system, like the cooling process, depend on the fre-
quency difference of the two mechanical modes. When
∆ω is larger than the damping rate κ of the cavity the
presence of the secondary mode (the Bogoliubov mode)
does not affect the entanglement of the main mode (me-
chanical mode) and the optical field. This situation
has been shown in Fig.6 (a) where ωsw = 2ωm and
∆ω = 1.18ωm (similar to Fig.5 (a)). Here, again when
0.5ωm < ∆ < 1.5ωm, there is a complete overlap be-
tween the mirror-field entanglement in the presence of
BEC (red line) and in the absence of BEC (green dashed
line). Besides, when ∆ gets near to the neighbourhood of
ωB where δnc is minimized, the mirror-field entanglement
disappears and instead, the atom-field entanglement ap-
pears (blue line).
In Figs.5(b) and 6(b), where ωsw has been fixed at
ωm, the frequency difference between the two modes is
reduced to ∆ω = 0.3ωm and therefore ∆ω < κ. As is
seen from Fig.5 (b) the minimum of δnc (blue line) gets
near to that of δnm (red line) and so the two modes
can be excited and cooled simultaneously as ∆ → ωm .
Besides, the presence of BEC has caused the incoherent
number of mirror phonons (red line) to be a little different
from that in the absence of BEC (green dashed line).
Similarly, the mirror-field entanglement in the presence of
BEC [red line in Fig.6 (b)] has more deviation from that
in the absence of BEC (green dashed line) and has also
been diminished compared to its correspondence in Fig.6
(a) while the atom-field entanglement has a noticeable
increase.
In Figs.5(c) and 6(c) the frequency difference between
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FIG. 5. (Color online) The effective incoherent number
of mirror phonons δnm in the presence of BEC (red line)
and in the absence of BEC (green dashed line) as well as
the effective incoherent number of atoms in the Bogoliubov
mode δnc (blue line) versus the normalized detuning ∆/ωm
for three different values of atom-atom interaction strength:
(a) ωsw = 2ωm, (b) ωsw = ωm, and (c) ωsw = 0.5ωm which
leads to three different frequency differences ∆ω between the
mechanical and the Bogoliubov modes. The effective temper-
ature of the BEC is Tc = 0.1µK with the Bogoliubov mode
damping rate γc = 0.001κ, the initial reservoir temperature
of the mirror is T = 0.4K and P = 50 mW. The other param-
eters are the same as those of Fig.2.
the two modes has been reduced to 0.14ωm by reduc-
ing ωsw to 0.5ωm. In this way the resonance frequencies
of the two modes gets nearer to each other and therefore
the presence of BEC affects the cooling and entanglement
processes more strongly. In Fig.5 (c), δnm in the pres-
ence of BEC (red line) is completely different from that in
the absence of BEC (green dashed line). Here, since the
radiation pressure force is exciting the two modes with
very close resonance frequencies simultaneously, neither
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FIG. 6. (Color online) The bipartite mirror-field entan-
glement (m-f ) in the presence of BEC (red line) and in the
absence of BEC (green dashed line) as well as the bipartite
atom-field (a-f ) entanglement, i.e., the Bogoliubov mode and
the field , (blue line) versus the normalized effective detuning
∆/ωm for three different values of the atom-atom interaction
strength: (a) ωsw = 2ωm, (b) ωsw = ωm and (c) ωsw = 0.5ωm
which leads to three different frequency differences ∆ω be-
tween the mechanical and the Bogoliubov modes. All param-
eters are the same as those of Fig.5.
of them could be cooled effectively. Fig.6 (c) shows that
the mirror-field entanglement in the presence of BEC
(red line) reduces and instead the atom-field entangle-
ment (blue line) increases and gets near to the red line.
Therefore, for small values of ωsw the frequency differ-
ence ∆ω reduces and the two bipartite entanglements
get nearer to each other. This is similar to the result
obtained in Ref.[37] where the mirror-field entanglement
can be measured from the the atom-field entanglement.
Besides, in the range of parameters considered here the
mirror-atom entanglement is zero.
The important result obtained from Figs.5 and 6 is the
derivation of an interpretation for the concept of cooling
8Ωsw = 0
Ωsw = 0.5Ωm
Ωsw = Ωm
0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5
0.15
0.20
0.25
0.30
0.35
DΩm
∆
n
m
FIG. 7. (Color online) The incoherent number of mirror
phonons versus the normalized detuning ∆/ωm for three dif-
ferent values of the atom-atom interaction strength: ωsw = 0
(red thin line), ωsw = 0.5ωm (blue dashed line) and ωsw = ωm
(black dashed-dotted line). The green thick line corresponds
to the absence of BEC.
of the Bogoliubov mode: the Bogoliubov mode is cooled
when the effective incoherent number of atoms δnc is
minimized (just like what happens for the mirror when
δnm is minimized). In fact when ∆ gets near to the
resonance frequency of the Bogoliubov mode, δnc is min-
imized and simultaneously the atom-field entanglement
is maximized. Therefore, the Bogoliubov mode behaves
just like a secondary mechanical mode with the difference
that the atoms play the role of phonons.
In order to see the effect of the s-wave scattering in-
teraction on the cooling of the mirror more precisely, in
Fig.7 we have plotted the incoherent number of mirror
phonons versus ∆/ωm for three different s-wave scatter-
ing frequencies: ωsw = 0 (red thin line), ωsw = 0.5ωm
(blue dashed line), and ωsw = ωm (black dashed-dotted
line). The green thick line represents the mirror phonon
number in the absence of BEC. As is seen from Fig.7 the
presence of BEC does not help the cooling process of the
mirror very much and even increases the mirror phonons
when ωsw is very small. The best situation occurs for
ωsw = ωm where the minimum of δnm in the presence
and in the absence of BEC gets near to each other. In
this case for ∆ > ωm the cooling process is better than
that in the absence of BEC. Similar results have very re-
cently been obtained using the Bose-Hubbard model for
simulating the BEC by expanding the atomic wave field
in terms of the Wannier functions [38].
Based on the results obtained in Fig.6 and our previ-
ous explanations, the s-wave scattering interaction can
be used as a control parameter to change the frequency
difference ∆ω between the two modes. The larger ∆ω
the less the effect of BEC on the cooling of the mirror
and the mirror-field entanglement. As is seen from Fig.6
the mirror-field entanglement is increased by increasing
the s-wave scattering frequency. For ωsw = 2ωm it over-
laps with the mirror-field entanglement in the absence
of BEC. Inversely, the atom-field entanglement decreases
by increasing the s-wave scattering interaction and its
maximum is shifted toward the larger values of ∆.
VI. CONCLUSIONS
In conclusion, we have studied a system consisting of a
one-dimensional Bose-Einstein condensate inside a driven
optomechanical cavity with a moving end mirror. In the
weakly interacting regime, where just the first two sym-
metric momentum side modes with momenta ±2~k are
excited by fluctuations resulting from the atom-light in-
teraction, the BEC can be considered as a one mode oscil-
lator in the Bogoliubov approximation. In this way the
Bogoliubov mode of the BEC is coupled to the optical
field through a radiation pressure term which behaves as
a secondary mechanical mode relative to the vibrational
mode of the mirror (main mode).
We have investigated the effect of s-wave scattering
atom-atom interaction as well as the optomechanical cou-
pling of the mirror on the optical bistablity of the cavity
and on the cooling and entanglement processes of the two
so-called mechanical modes.
Firstly, we have shown that increasing s-wave scatter-
ing interaction leads to a shift of the bistability region to
the higher values along the parallel pump axis while the
optomechanical coupling parameter of the mirror behaves
inversely. In this way, one can control the bistability of
the system by the s-wave scattering frequency ωsw which
itself is controllable by the transverse trapping frequency
ω⊥. Therefore, it can be considered as another possibil-
ity of an optical switch realization in an optomechanical
cavity.
Secondly, we have studied the effect of the presence of
BEC and the s-wave scattering interaction on the cooling
of the mirror and the bipartite mirror-field and atom-
field entanglements. It has been shown that if the fre-
quency difference between the two mechanical modes ∆ω
is larger than the band width of the cavity κ, then the
two modes can be cooled down to their ground states at
two distinct ranges of effective detuning ∆ and the pres-
ence of BEC does not affect the cooling of the mirror.
Based on our results, when ∆ gets near to the frequency
of the Bogoliubov mode the effective incoherent numbers
of atoms δnc is minimized and the atom-field entangle-
ment is maximized. So, minimizing the effective incoher-
ent numbers of atoms can be interpreted as the cooling of
the Bogoliubov mode. On the other hand when ∆ω < κ
neither the main mode (mirror) nor the secondary mode
(Bogoliubov mode) is cooled effectively. This setup has
the advantage of controlling ∆ω through ωsw which is
controllable by the transverse trapping frequency ω⊥.
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